Radial marginal perturbation of two-dimensional systems and conformal invariance 



Loic Turban 

Laboratoire de Physique du Solide, Universite de Nancy I, Boite Postale 239, 
F 5 4506 Vandoeuvre les Nancy CEDEX, France 
(Received 31 May 1991) 

The conformal mapping w = {L/2tt) \nz transforms the critical plane with a radial perturbation 
ap~^ into a cylinder with width L and a constant deviation a(2i\ jLy from the bulk critical point 
when the decay exponent y is such that the perturbation is marginal. From the known behavior of 
the homogeneous off-critical system on the cylinder, one may deduce the correlation functions and 
defect exponents on the perturbed plane. The results are supported by an exact solution for the 
Gaussian model. 



Although conformal invariance requires, in principle, 
translation—and rotation invariance besides global scale 
invariancc,EJ some progress has been made in recent years 
concerning the behavior of critical two-dimensional sys- 
tems with defects. The case of line defects with com- 
mensurate configurations and extended defects has been 
extensvely studied, the gap-exponent relations have 
been verified, and towerlike spectra has been obtained 
for marginal perturbations decaying_as a power of the 
distance from ejither a free surface,!] the Hilhorst-van 
Leeuwen model,El or a line.tl In this work we present re- 
sults on marginal radial perturbations of critical systems 
which are likely to be applicable to any conformally in- 
variant model in two dimensions. 

Let us consider a perturbed critical system on the plane 
(/9, &) with a free-energy density functional 

F[ip]^F,[ip]+ Jpdpdeap-yx{p,o) , (1) 

where the deviation from the critical point in the last 
term decays as a power of the distance from the origin 
with an amplitude A^(p) = ap~y . Through the confor- 
mal transformation w = {L/2'k) Inz, the plane is mapped 
onto a cylinder {u, v) such that 

u = (i/27r) In p , — oo < u < -|-oo , (2a) 
V = 19/271 , Q<v <L , (2b) 

with a dilatation factor: 

b{z) = \w'{z)\~^ =2ttpIL . (3) 

The radial inhomogeneity transforms according to 

A^(u;) = h{z)y^ap~y = a{2T: / L)y>^ py^-y . (4) 

The perturbation is marginal when y = since in a 
global transformation a is changed into &*'''~^a£3 In the 
following we shall only consider the marginal case, as- 
suming that conformal invariance remains valid. The de- 
viation from criticality on the cylinder is then a constant 

= a{2^/L)y- , (5) 

preserving translation invariance in both directions. The 
two-point correlation function for^^m operator </> with 
scaling dimension transforms asEI 



(6) 

so that the correlation function on the perturbed critical 
plane may be deduced from the kopwn behavior of the 
system on the off-critical cylinder ,EJ 

{(t){ui,Vi)(j){u2,V2)) 

= ^ m<l>\a)\^ eM-{Ec - Eo){u2 - ui) 

+iPa{v2 - Vi)] , (7) 



where Ea and Pa are the energy and momentum eigen- 
values associated with the eigenstate \a) of the transfer 
operator T = e~'^— and |0) is the ground state of the 
Hamiltonian iJ. Collecting these results, one obtains 

01)0(^2,^2)) 
= (L/2^)2-* J2 I (Ol'^l") |2p^-^ + (^/2-)(^^"-^^o) 
a=£0 

~x^-(L/2TT)(E„~Ea) 

xexp[z(L/27r)P„(02-ei)] . (8) 

When p2 S> pi the leading contribution is given by 
the lowest excited state |(/)) in the spectrum of the prL. 
mary field (f). According to finite-size scaling theory,E3 
the matrix element scales as 

(01010) =/^(Ax,L) 

= L-^*/4L«-A^,l) 
= ^[(27r)^-a,l]L--* 

- 9{c^)L-^' , (9) 

whereas the mass gap is related to the correlation length 
universal scaling functiontj'E^ 

E^~Eo^ ^^\A^,L) = [Le4(27r)^x«, 1)]-' 

= {2T:/L)x^{a) , (10) 
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where we have introduced the perturbation-dependent 
quantity 

x4a) = [27T^^{{27r)y-aA)]-\ (11) 

which reduces to the scahng dimension of the i^irimary 
field of the unperturbed system when a — O.O For a 
scalar field, the momentum of the lowest excited state 
vanishes and the leading contribution to the two-point 
function on the plane reads 

(0(^1,^1)0(^2,^2)) ^5'(«)pr*+^*^"Vr*"'*^"^ 

(p2»Pl), (12) 

so that x^{a), given in Eq. ([Til), may be interpreted as 
the scaling dimension of near the defect. 

In order to test these results, let us consider a per- 
turbed Gaussian model at its critical point, with a tem- 
peraturelike radial perturbation 



A„2 = ap ^ , 



(13) 



which is marginal since y^p2 = 2 in this caseJll On the 
cylinder the free-energy functional is 



F[ip] = ^ jdudv [(Vipf + a(27r/L)V^] , (14) 



and the two-point correlation function ((^0, 0)ip(u, v)) — 
g{u,v) satisfies the differential equationE£l 



-V^ + a{2T:/Lf] g{u, v) = 6{u) 6{v) 



(15) 



which is easily solved through a Fourier transformation 
leading to 



J 



^ OO 

g{u,v) = (l/47r)v^exp[-\/^(27r/L)u] + — S^ l/in"^ + a)^/^ exp[-{n^ + a)^^^{2n/L)u\cos[n{2TT/L)v] , (16) 

27r ^ — ' 

n=l 

SO that a must be positive, a result which is related to the fact that the low-temperature phase of the Gaussian model 
is ill defined Ej 

On the plane the free-energy functional reads 



and the two-point correlation function satifies the equation 

(-V? + ap^^)g{p2,pi;02 - 6*1) = l/piS{p2 - pi)> 



(17) 



(18) 



The solution is obtained as a linear combination of solutions of the homogeneous equation and, with /)2 > pi, reads 
g{p2, Pi; 02 - 0i) = (1/4^) ^ +^Y1 + ay/'pf+"^''%-^"'+''^''' cos[n(02 - ^i)] ■ (19) 



A comparison with Eq. ( p^ ) indicates that the defect 
exponent is x^{oiX — y/a since = x,p{0) = for the 
Gaussian modelEj This value is consistent with the ex- 
pression of the first gap in Eq. (p^). Furthermore, the 
two-point correlation functions on the cylinder and on 
the plane, like the differential equations, transform into 
one another under the change of variables given in Eq. (||) 
as a consequence of the conformal transformation given 
in Eq. (^ with x^p = 0. 

For the Ising model, the thermal and magnetic defect 
exponents may be deduced from the known scaling fuiy-i 
tions for the gaps of the corresponding primary fieldsOH 



xt{a) 
Xh{a) 



(col 
27r2 

ca 

- — 4 
4tt 



+ 0((ca)4). 
In 2 



47r2 



{cay + Oiicay) , 



(20a) 
(20b) 



where c is a lattice-dependent constant taking the value 
Stt (Ref. 18) on the square lattice with isotropic couplings 
for a radial perturbation K{p) — Kc = —ap~^. 

More details and extensions to other geometries are 
planned to be published elsewhere. Recently, a paper 
by R.Z.Bariev and I.Pcschel was published [J. Phys. A 
24, L87 (1991)], in which the same conformal transfor- 
mation is used to study a radial marginal perturbation 
in the Ising model, either in the bulk or at a surface. 
A phenomenological treatment of the critical behavior 
near extended defects has also been given by Bariev (Zh. 
Eksp. Theor. Fiz. 94, 374 (1988) [Sov. Phys. JETP 67, 
2170 (1988)]). 
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